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In a recent paper [lo], Zvonimir Janko exhibited strong evidence for the 
existence of a new type of simple group. However, the existence and uniqueness 
of a simple group satisfying Janko’s hypothesis is still an open question. There- 
fore we define a simple group, G, to be of type J4 if G satisfies the hypothesis 
of Theorem A of [lo]. 
In this paper we give a classification of simple groups of type J4 in terms of 
centralizers of elements of order 3. More precisely, the main theorem is: 
THEOREM. Let G be a jinite simple group containing an element a of order 3 
such that C,(a) is a perfect central extension of the Mathieu group Mz2 . Assume 
further that for some Sylow 3-subgroup A containing (a>, (a> is not weakly closed 
in A with respect to G. Then, G is of type J4 . 
Let G be a finite group and S be a Sylow p-subgroup of G. A subgroup W 
of S is weakly closed in S (with respect to G) if WQ = W whenever g E G and 
Wg C S. We say G is a perfect central extension of a group H if G/Z(G) z H 
and [G, G] = G. 
A classification of simple groups of type j* by a certain maximal 2-local 
subgroup has been given independently by Reifart [8], and the author, [7]. Our 
goal is to show that G possesses a 2-local subgroup satisfying the hypothesis 
of Theorem B of [8] and invoke the above classification. 
In Section 1, we fix our notation. In Section 2, we record some facts about M2, 
to which we shall refer later. In Section 3, we study certain known groups and 
known configurations which arise in the proof of the main theorem. In Section 4, 
we exhibit a 2-local subgroup M of G which satisfies the following: (i) V = 
O,(M) is an elementary abelian subgroup of order 211; (ii) M/O,(M) g Mz4; 
(iii) M induces orbits of lengths 1771 and 276 on I’, (iv) O(C,(z)) = 1 for an 
involution z in the center of a Sylow 2-subgroup of M. This is precisely the 
hypothesis of Theorem B of [8]. The main theorem now follows quickly. 
555 
0021-8693/79/040555-12$2.00/O 
Copyright 0 1979 by AcademicPress, Inc. 
.4ll rights of reproduction in any form reserved. 
556 RICHARD M. STAFFORD 
1. NOTATION AND TERMINOLOGY 
Most of our notation is standard and will follow that of [5]. We also adopt 
the bar convention for homomorphic images. We denote by 2% the symmetric 
group on n letters, by A, the alternating group on n letters, by ,& and M& a 
covering group of A, and ilKa, respectively, by %L’s the non-split extension of H, 
by -C, , by Syl,(G) the set of Sylow p-sybgroups of G, by r(G) the set of primes 
dividingIG/,andby/x/theorderofx.WewriteHCGifH_CGandH#G. 
If x is conjugate to y by an element of H, we write x* “H y. Moreover, if x is 
conjugate to an element of A by an element of H, we write x wH E A. A group 
which is a split extension of A by B will be written A . B. The commutator 
subgroup of a group A will be denoted by the symbol A’. The nonidentity 
elements of a group A will be denoted by the symbol A+. 
Throughout this paper G will be a group which satisfies the hypothesis of our 
main theorem. We fix an element a of order three in G such that Co(a) is a 
perfect central extension of the Mathieu group M,, . In addition we set H = 
C,(a) and let f7 = H/Z(H). Add t i ional notation will be introduced as necessary. 
2. THE GROUP ilJ2, 
All parts of the following lemma can be found in or can be deduced from [9] 
or [IO]. 
LEMMA 2.1. If X, is isomorphic to the Mathieugroup M,, , then X,possesses the 
following properties: 
(i) IX,1 =27.32*5.7.11. 
(ii) X, has one conjugacy class of involutions. 
(iii) Let z be any involution of X, . Then Cx,(z) s E,, * Zd . 
(iv) Let T, be any Sylow 2-subgroup of Xl . Then Z( TI) is cyclic of order 
2 and TI has 2-rank 4. TI possesses exactly two elementary abelian subgroups of 
order 16, denoted by E1 and Ez . 
(v) N,JE,) s E16 * A, . Moreover, N,l(EI)/EI possesses two conjugacy 
classes of elements of order 3, only one with a 3-element having non-trivial 
acts centralizer in. E1 . 
(vi) NxI(E,) g E,e . Z5. Moreover, every element of order 3 in NxI(E,) 
fixed point free on E, . 
(vii) CxI(E,) = Ei , i = 1,2. 
(viii) There is one conjugacy class of elements of order 3 in XI . 
(ix) If b is any element of order 3 in X, , then Crl(b) c Z, x A, . 
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(x) Let D, be a Sylow 3-subgroup of Xl . Then Nxl(D,) = DI *Q, a 
F’robenius group with Kernel D, s Z, x Z, and complement Q, a quaternion group 
of order 8. 
(xi) The normalizers of the Sylow subgroups of X, for the primes 5, 7 and 11 
are Frobenius groups of order 20, 21 and 55, respectively. 
(xii) d Sylow 2- su b group of XI is self-normaking. 
(xiii) If we identify XI with the inner automorphism group of Xl , then 
x4Ut(XI)(~1) 2% El . JG f 
(xiv) X, has cyclic outer automorphism group of order 2. 
We identify R with Xi . In addition, we let T be a Sylow 2-subgroup of H, 
E the preimage of Ei in T, so that i? = E1, and D be a Sylow 3-subgroup of H. 
As we will see in Lemma 3.l(ii) below, D is an extra-special 3-group of 
exponent 3. Set d = (a, b), where b is an element of D such that 6 f N,(E) 
and CE(@ has order 4. Then, d r Z, x Ha. There are 4 nontrivial cyclic 
subgroups of d. We represent them by (a,), I < i < 4. Also, we set H, = 
C,(a,) and p< = H,/Z(H,). We preserve this notation throughout this paper. 
By Lemma 2.1(v), NX1(E,) z E,, . A, . Since the group L,(2) z As has only 
one conjugacy class of subgroups isomorphic to A,, and one conjugacy class of 
subgroups isomorphic to ,Zs , the subgroup of L4(2) obtained from the action of 
NXI(E,)/E, on E, is uniquely determined. We construct the action of & as 
follows. Let C’ = (vi j 1 < i < 6) be an elementary abelian group of order 26 
(written additively) and the action of ,Za be that of permutation of the basis 
elements (ran).. Then Vo = ((C aivi 1 01~ E GF(2) and C 01~ = 0)) is &-invariant 
Also, u = Cf-, vi E Vo. Then (u) is Ze-invariant. Let vo be Vo/(u>. The action 
of A, on PO is that of NX1(E,)/E, on E, . 
In addition, we construct a Sylow 2-subgroup of ro Z8 . Set E = (1234)(56), 
19 = (13)(56) and x = (56). Then, Eis = /? = x2 = 1, Zfi = d-l, and [Z, A] = 
[fl, A] = 1. Thus, it follows that (&, 6, x) is a Sylow 2-subgroup of .ZG . We set 
x1 = v5 + V6 ) x2 = v2 + v4 ) xa = uz + z’a and xp = vq + na . Then (3;; , Zz , 
3,) gd, 2, p, xj is a Sylow 2-subgroup of PO .&. Set V = (u, xi, x,, x,, x,, 01, /3, h). 
In section 3 it will be necessary to perform certain calculations with the group 
7. For ease of reference, we tabulate the action of (a, /!, x> on the subgroup PO: 
-Fi - qa zzz - - - - x1 = x1 x2x1 z~x = x2x3 
-8 c1 
x4 = %X4 
Q zzz 1 1 cq = i2 SQ = I,%& (i z4fi = i,‘? 
-,i _ 
x1 = x1 %,A = x2 
-6 - 
xg = x3 2; = 3$; 
LEMMA 2.2. Let z be any involution in X, . Then some conjugate of Cx,(z) is 
contained in Mx,(EI). Furthermore, identifying NxI(E,) with PO . A, and z with 
21 , G,(4 Gx @:I > 22 ,% > %> <(12)(34), (13)(24), (123)s (12)(56)). 
Proof. This is immediate using Lemma 2.l(iii). 
481/57/2-19 
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LEMMA 2.3. Let V be a fours-subgroup of X, which centralizes an element of 
order 3. Then, CxI( V) z E;, . Z, . 
Proof. Indeed, by Lemma 2.l(viii) and (ix), only one conjugacy class of 
fours-groups in X, centralizes elements of order 3. But some fours-group in E1 
centralizes an element of order 3 in Nxl(E,). Thus, we may suppose V C E1 . 
Let Zi E V#. By Lemma 2.l(iii), EI is normal in Cx,(Zi) and Cxl($) e El, . ,Zd . 
We set Cr,(ZJ = E1 . S, where S z & . Since CrI(V) _C C,i(Z), it follows that 
C,J V) C E1 . S. Next, observe that the fours-subgroup ((12)(34), (13)(24)) has 
centralizer on E1 of order 2. Thus, C,i( V) _C EIS, , where S, s 2s . Since there 
is only one conjugacy class of subgroups isomorphic to Za in S, it follows that 
CE1(So) and C&(123), (12)(56))) h ave the same cardinal&y. A computation 
usmg the Table on page 6 shows that the subgroup ((123), (12)(56)) has cen- 
tralizer on E1 of order 2. Thus, C,i( V) C EI . S, and the lemma follows. 
3. PRELIMINARY LEMMAS 
LEMMA 3.1. 
(i) His isomorphic to either the 3-fold coveringgroup of n/r,, or thefull 6-fold 
covering group of M,, . 
(ii) D is an extra-special subgroup of order 27 and exponent 3. 
(iii) D - (a) has one H-conjugacy class of elements of order 3. 
Proof. The first statement follows from [l]. Since the structure of the covering 
groups of Mz, are well known, (ii) is immediate from (i). Let x ED - (a). 
Since D is extra-special, it follows that x -D xa wD xa2. Thus, by Lemma 2.1 
(viii), (iii) holds. 
LEMMA 3.2. A pre-image in H/(a) of an involution in H/Z(H) is an involution 
in H/(a). Consequently, E is elementary abelian and N,(E) splits over E. 
Proof. Suppose the first statement is false. By Lemma 2.l(ii), all involutions 
in H/Z(H) have pre-image in H/(a) of order 4. Consequently, H has generalized 
quaternion Sylow 2-subgroups. Therefore i7 has 2-rank 2 contrary to Lemma 
2.l(iv). 
LEMMA 3.3. The group (a)E[E is self-centralizing in C,(E)/E. 
Proof. This is immediate, using Lemma 2.l(vii). 
In Section 4, in the process of establishing the main theorem, we must 
eliminate the possibility that E = O,(No(E)). Our argument uses precise 
information about the ,& modules V,, and p,, (see Section 2). In particular we 
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need precise information on the structure of the Sylow 2-subgroups of the above 
configurations. 
h3VMA 3.4. Let E be an elementary abelian 2-group of order 25. Suppose 
S g Z8 acts on E such that / C,(S)1 = 2 and C,(S) admits no S-invariant 
complement. Then the action of S on E is uniquely determined. 
Proof. It is sufficient to prove the following: Let E* be the dual S-module 
for E. Assume W is an S-invariant submodule of E* of order 16 and W admits 
no S-invariant complement. Then the action of S on E* is uniquely determined. 
Since W is uniquely determined as an S-module (see Section 2), it is sufficient 
to show that in the semi-direct product W. S, there are exactly 2-conjugacy 
classes of complements to W. Let I’ be the family of all conjugacy classes of 
complements to W. Since all elements of E* - W act (by conjugation) fixed 
point free on r, j r / >, 2. N ow, by Lemma 11.3 of [4], 1 r / < 2 and the lemma 
follows. 
LEMMA 3.5 
(i) A = (Zr , i, , E2, /?, A) is an elementary abelian normal subgroup of P of 
order 25 and the unique elementary abelian subgroup of 9 of order 26. 
to D (4 VA N D, and 9 2s a split extenszon of A by a subgroup isomorphic - 
8’ 
(iii) (5, , fa , Za , 4 Ji; j is a characteristic subgroup of 0. 
Proof. The fact that A is elementary abelian and normal is immediate from 
the relations for 9. Since (a,, 5,) @Z) is isomorphic to D, , the extension 
splits. By a calculation, C,(&J = (a,, f, ,x), C,(Q = (a, , f, , /?A,> and 
CA(Ji/h) = <a, ) I?, x). Consequently, C,((Z, , &)) = (Zi , %a) and C,((ga , 
@?>) = (ai , A). The fact that A is the unique elementary abelian subgroup of 
order 25 follows from this. So all that remains is to show that (a, , f, , 2, , ga) 
is characteristic in 0. Since A is characteristic in ‘P, [‘?, v] n A = ($ , it2 , $> 
is characteristic in 0. Since [o, 91 = (xi , x2 , xa , a2) s 2, x D, has precisely 
two elementary abelian subgroups of order 8, and one is characteristic, the other 
must be too. Thus, (3i;i , E, , 2s) = I’ i s characteristic in 0. Since Cc(V) = 
<al , 22 , 2:3 , 2, , A) is characteristic in 9, V(C$ V) n A) = (a, , f, , f, , x) is 
characteristic in 9. Since Co(V) has exactly two elementary abelian subgroups of 
order 16, (iii) follows. 
LEMMA 3.6. Assume E is a normal elementary abelian subgroup of order 32 
of a group X, X/Z(X) z Et, ’ Ze, X’ splits over E, and the action of X/E on E 
is equivalent to that of .ZG on V. Let Q E Syl,(X). Then, E is a characteristic sub- 
group of 8. 
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Proof. Set X = X/Z(X). We identify Z(X) with (u), E with V and Q with V. 
In addition, set B = (u, , x1 , x2 , 012, is, ,I). 
We claim that B is the unique abelian subgroup of order 26 in Q. By Lemma 
3.5(i), B is the unique abelian subgroup of order 25 in &, so it is sufficient to show 
that B is abelian. Since (u, , x1 , xa , 01~, /?) is abelian and h centralizes (ui , x, , x2) 
it suffices to show that [h, a”] = [h, /3] = 1. Clearly, [h, ~“1 = 1, as [A, a] = 1. 
Since B is of nilpotence class at most 2, (h/3)2 = [p, h] X2/32 = [& X1X2. But x and 
A/? are conjugate in 2, thus A2 = (A/3)2. Consequently, [A, /3] = 1 and the claim 
follows. 
Now the conclusion of the lemma follows by an argument similar to that of 
Lemma 3.5(iii). 
4. PROOF OF THE MAIN THEOREM 
LEMMA 4.1. 
(i) H contains a Sylow 3-subgroup of G. 
(ii) The group G has one conjugacy class of elements of order 3. 
(iii) No((a))/Z(H) z Aut(M2,). 
Proof. (i) is immediate from Lemma 3.l(ii). Since (a) is not weakly closed 
in D (with respect to G), a mG E D - (a). Thus, by Lemma 3.l(iii), (ii) holds. 
Assume (iii) fails. Then No((a))/(a) s E, x M,, . Let t E N,((a)) - C,(a), 
with [t, H] C Z(H). Then. [t, H, H] = [H, t, H] = 1. Consequently, via the 
3-subgroup lemma, [H, H, t] = 1. Since H is perfect, [H, H, t] -= [H, t]. 
Whence [H, t] = 1, a contradiction. 
LEMMA 4.2. There exists a nilpotent normal 3’-subgroup K of C,(E) such that 
C,(E)/K zs isomorphic to Z, , .& , L,(2) or A, . 
Proof. By Lemma 3.3, aE/E is self-centralizing in C,(E)/E. Thus, the 
lemma is a direct application of the main theorem of Feit and Thompson in [3]. 
LEMMA 4.3. 
(i) N,(E)/C,(E) is isomorphic to & . 
(ii) C,(E)/K is isomorphic to B, . 
Proof. By Lemma 4.2 (a) is a Sylow 3-subgroup of C,(E). Set iV = No(E) 
and M = N,((a)). Via the Frattini argument, N = Co(E) N,((a)). Since 
N,((a)) = N,(E), it suffices to show that N,,(E)/C,,(E) G & . As pointed out 
in Lemma 2.1, the group M,, has two conjugacy classes of elementary abelian 
subgroups of order 16. It follows from Lemma 2.1(v) and (vi) that Nc((a>), 
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must fix each conjugacy class of elementary abelian subgroups of order 16 in 
C,(a). Whence we conclude at once that 1 N,,,r(E) : N&E)/ = 2. 
(i) now follows, by Lemmas 4.l(iii) and 2.l(xiii). 
(ii) is immediate from (i), as (i) implies that any element of :YG((ai) n 
N,(E) which inverts (a> does not centralize E. 
We next analyze the subgroup K. First we will show that K is a 2-group and 
obtain a bound on the size of K. At this point we have a good understanding of 
the structure of N,(E). In fact, the last 3 lemmas exhibit that N,(E)/K g %Y6 . 
We use this to compute information about NG(K). 
LmmA 4.4. K is a 2-group. 
Proof. Since K is nilpotent and K = (C,(a,) I 1 < i < 4), it suffices to 
show that Cb(ai) is a 2-group for each i. Since d normalizes C&a,), d normalizes 
each Sylowp-subgroup of CK(ai). So it follows by Lemma 2.l(xi) that n(C,(a,)) C 
(2, 7). Let S be a Sylow 7-subgroup of K. Then S = O(K), and ! S 1 < 73. 
However, since 5’ = O(K), S is NG(E)-invariant. Since Aut(S) is a {2, 3, 7, 19>- 
group (by the order of GL(3, 7)), any element of N,(E) of order 5 must centralize 
S. Therefore, Arc(E) must centralize S. In particular, a centralizes S, but C,(a) = 
E, a contradiction. 
LEMMA 4.5. The su.?~groups C,(a,), 1 .< i < 4, are elementarT abelian. -- 
Moreoz’er, in Hi = H,/Z(H,), CK(ai)l < 2”. 
-- 
Proof. By Lemma 3.2 it is enough to show that R = C,(q) (in Hi) is ele- 
mentary abelian. Now by our choice of a, , we have j C&Q] = 4. Also since 
E C Z(K), we have C,(G) C Z(R). The lemma now follows by Lemma 2.3. 
LEMMA 4.6. Either k’ = E, or the cardinality of K/E is 26. 
Proof. Since L,(2) has no subgroup isomorphic to 3&, it follows, using the 
action of N&X)/K on K/E, that K/E = 1 or ) K/E 1 >, 2’j. Set R = K/E. Then 
R = (CR(&) / 2 < i < 4). Since, by Lemma 4.5, 1 C,(q)1 < 2* and by the 
choice of ai , j CE(g)l = 22, it follows that the order of R is at most 2”. 
In the next 4 lemmas we eliminate the possibility that K = E. Set N = iVJE), - 
H* = N,((a)), and H* = H*jZ(H). Then H* is isomorphic to Aut(Mz,). We 
assume K = E. Observe that NC H*, as (a> = O,(C,(E)) Q ;t:. From 
Lemma 3.1(i), Z(H) is isomorphic to H, or Z, _ 
First suppose that Z(H) is a cyclic group of order 3. Then by Lemma 4.l(iii) 
and Lemma 2.l(xiii) N,(E)/O(C,(E)) is a split extension of E by z6. In addition, 
by Lemma 4.3(ii) Co(E) = E . O(C,(E)) = E . (a). We shall now analyze 
this 2-Iocal configuration. Our analysis will lead to a contradiction to the 
simplicity of G. To be specific we prove the following: 
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PROPOSITION 4.7. Let G be a group having an elementary abelian subgroup E 
of order 16 such that Co(E) = E . 0(&(E)) and No(E)/O(Co(E)) is a split 
extension of E by .Zs . Also, suppose Co(a) g M,, (the 3-fold cover of n/r,,) for 
some element a of G of order 3. Then, G has a subgroup of index 2. 
Proof. We let Q be a Sylow 2-subgroup of No(E). We suppose that G has no 
subgroup of index 2. Since the action of z7, on E is uniquely determined (see 
Section 2), we identify Q with the Sylow 2-subgroup 6 of P 3 .X8 . The group 
P . .& was defined in Section 2. 
It is immediate from Lemma 3.5 that Q is a Sylow 2-subgroup of G and that 
A is weakly closed in Q (with respect to G). Consequently, by Lemma 4.5 of [13], 
No(A) controls the fusion of elements of A. It also follows by Lemmas 2.1(i), 
2.l(ii), and Thompson’s Lemma that G has one conjugacy class of involutions. 
Consequently, No(A) acts transitively on A#. Thus No(A)/Co(A) is a point 
transitive subgroup of L,(2) h aving dihedral Sylow 2-subgroups of order 8. 
Using a theorem of Gorenstein and Walter [6], we obtain a contradiction. 
We next assume that Z(H) is a cyclic group of order 6. Again we draw a contra- 
diction. Let Q be a Sylow a-subgroup of No(E). 
LEMMA 4.8 
(i) Th action of No(E)/Co(E) on E is equivalent to that of Z6 on V. 
(ii) The group [N, N] is a split extension of E by As (the triple cover of As) 
and N/Z(N) z El6 . ZG . 
(iii) Q is a Sylow 2-subgroup of G. 
Proof. (iii) is immediate, by (i), (ii) and Lemma 3.6. Since [N, N] = N,(E) 
and N _C No((a)), (ii) follows by Lemmas 3.2, 4.l(iii) and 2.l(xiii). So all that 
remains is (i). Since C,(N) = O,(C,(a)) and C,(a) is non-split, C,(N) admits 
no N-invariant complement. Consequently, by Lemma 3.4, (i) holds. 
We identify Q with V and O,(C,(a)) with (u). 
LEMMA 4.9 
(i) Z(Q) g Z, x Z, has three conjugacy classes of involutions which do not 
fuse in G. 
(ii) G has exactlv 3 conjugacy classes of elements of order 6. 
Proof. Since Ne(Q) C No(E), (i) follows. Now using Lemmas 4.l(ii), 2.l(ii), 
and 4.9(i), it follows that any element of order 6 is conjugate to ua, x,a, or uxla. 
LErvuvrA 4.10. Co(u)/(u) has a subgroup, M, of index two. Moreover, M/O(M) 
is isomorphic to M,, In particular, Co(u) has at least two conjugacy classes of 
elements or order 3. 
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Proof. By Proposition 4.7 Cc(u)/(u) has a subgroup, M, of index two. 
Furthermore, M has Sylow 2-subgroups of type M,, , as &(a)/(u) C M. We 
now argue that M/O(M) g M,, . Let L be a minimal normal subgroup of -- 
M/O(M) and set C,(u) = C,(u)/O,~,~(C,(u)). Since O,(M/O(M)) = 
O(M/O(M)) = 1, L is a direct product of isomorphic non-abelian simple groups 
L, , 1 < i < 71. Since Co(a) is simple or quasi-simple and contains a Sylow 
2-subgroup of M/O(M), it follows that C,(a> is contained in one of the simple 
components of L. Consequently, L is a simple group possessing Sylow 2-sub- 
groups of type M2, . Applying a theorem of David Mason [Ill, we obtain that L 
is isomorphic to one of the following groups. 
(i) PSL(4, q), q = 1 (mod 4); 
(ii) PSU(4, q), q = -l(Mod 4) 
(iii) McL, McLaughlin’s sporadic simple group; 
(iv) M,,; or 
(4 MS,. 
We now, by process of elimination, force L E M,, . 
Since SL(4, q) has 2-rank 3, M,, has 2-rank 4 and M,^, (the full covering group 
of M,,) has 2-rank 5, (i) and (ii) are eliminated. (iii) is quickly eliminated asMcL 
has Sylow 3-subgroups of 3‘j contrary to Lemma 4.1(i). 
We now assume L is isomorphic to Mz3 . We note that Mz3 has two conjugacy 
classes of elementary abelian subgroups distinguished by their normalizers. The 
normalizer of one is isomorphic to the group El, . A, , while the other has 
normalizer isomorphic to E,, . AB, where A s Z, , B c Zs and A 4 AB. It 
follows that N,(E) is isomorphic to E,, . A, or El6 . AB, contrary to Lemma 
4.3(i). 
Therefore, it follows that L g M,, . Consequently, M/O(M) is isomorphic to 
a subgroup of Aut(L) w rc h’ h contains L. Since the outer automorphism group of 
M,, is cyclic of order 2 and L contains a full Sylow 2-subgroup of M/O(M), 
L = M/O(M) and the lemma follows. 
Finally, we are ready to obtain a contradiction to the assumption that K = E. 
Let a and b be representatives of the two conjugacy classes of elements of order 3 
in C,(U). Then ua and ub are not fused in G. By Lemma 4.9(ii) G has 3 conjugacy 
classes of elements of order 6. So ub is conjugate to either era or ux,u. Con- 
sequently, u is conjugate to either x1 or uxi , contrary to Lemma 4.9(i). 
By Lemmas 4.6-4.10 we may assume the cardinality of K/E is 26. We next 
demonstrate that K is elementary abelian. 
I,EMMA 4.11. K is an elementary abeliun subgroup of C,(E). 
Proof. Set K = K/(Z), where (2) = 0,(2(H)). We first claim that R is 
elementary abelian. We proceed by way of contradiction. Assume that R is not 
elementary abelian, in which case E contains an element of order 4. By Lemma 
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3.2, set N,(E) = E A, where A s A^, (the 3-fold cover of A,). Consequently, 
A normalizes K. We utilize the action of A on the set (K/E)+ to obtain a contra- 
diction. Now A acts on the set of orbits of a intransitively; there are two orbits 
on this set, one of length 6 and the other of length 15. Let r, and r, denote these 
orbits. Let 01 be a point in r, and p be a point in r, . By a calculation, A, z 
Z, x A, and A, g Z, x X4. We study the squaring map (q: K/E + E defined 
by xi? --+ x2) to obtain a contradiction. Since a is an orbit of a, a: is a set con- 
sisting of three elements. Set 01 = {c$ / 1 < i < 3). Since q commutes with the 
action of A, aI2 = ci 2 - 2 - tia2. We say an element XE of i?/E is of order 2 if 
q(.&) = 1. An element xE is of order 4 is q(d) is an involution in i?. 
r, consists of involutions. To see this, choose x E A with 1 x ~ = 5 and 
Jo CE,~(X). By Lemma 2.l(iii), C,(X) === 1. S’ mce x centralizes q(j), q(j) = 1. 
Since, by assumption, K is non-abelian, it follows that every element in Pa is of 
order 4. Let p = {/@ ~ 1 < i ,( 3) E r, , and take c to be an element of order 3 
in A, - (a\. Since the set /3 has size 3, it follows that some element, say t E 
(a, c>*-, fixes each Pi,!? E p. Since the coset Pi,!? has cardinality 16, t fixed some 
element of the coset Pi,!?. The coset Pi,!? consists of elements of order 4, as E _C 
Z(R). Thus, the element t centralizes an element of order 4 in R. The group 
A/(a) has 2 conjugacy classes of elements of order 3 distinguished by the fact 
that a representative of one class acts fixed point freely on E/(z) while a repre- 
sentative of the other has nontrivial centralizer. Since [pi2, t] = 1 and pi2 E i?, 
it follows that t and some non-identity element of d are fused in ,-1. Conse- 
quently, CR(t) z CR(b), contradicting Lemma 4.5. Thus, we have established 
the claim. 
Since R is elementary abelian, R = i? @ [x, a]. It follows that [K, a] is 
either extra-special or elementary abelian. In the latter case, we are done, as 
K = E[K, u] and E C Z(K). We suppose [K, a] is an extra-special 2-group and 
draw a contradiction. Since K is abelian, CR.(u) n [x, u] = 1, hence a acts fixed 
point freely on the set of cyclic subgroups of order 4 of [K, a]. Consequently, 
[K4=Qe*Qts*C?s~ as the group D, * D, * D, possesses exactly 28 cyclic 
subgroups of order 4. Since A centralizes a, A normalizes [K, u]. Thus, as above, 
the action of A on [R, a]# splits up into two orbits one of length 18 and one of 
length 45. Consequently, [K, u] possesses either 37 or 91 involutions. But, this 
is a contradiction, as the group Qs t Qs * Qs possesses exactly 55 involutions. 
LEMMA 4.12. 
(i) E has a distinct G-conjugate Ei C K. 
(ii) E and Ei fuse in N,(K) 
(iii) The elements a and a, fuse in N,(K). 
Proof. Set Ei = CK(aJ, 1 < i < 4. By Lemma 4.5 and the fact that 
/ K/E 1 = 26, it follows that j E 1 = / Ei I. Since a and a, are conjugate, E, has a 
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conjugate contained in C,(a), say Ei”, where aig = a. By construction, CEi(d) q /- 
1, so it follows that CEd,(dg) f 1 and a E AS. Now by Lemma 2.l(vi), (i) follows. 
Set Ei” = E. Since K = O,(C,(E)), Kg-’ = O,(C,(E,)). Since Ei C K and K 
is abelian, K centralizes Ei . Thus, K C C,(E,) and by Lemma 4.3(ii), (ii) 
follows. 
By (ii), E and Ei are conjugate in N,(K). Thus, g-l&g = E for someg E IV,(K). 
Since (ai> E SY~~(C&)), (49 E W3(G( E 1) ( iii is now immediate as a and u-l ) 
fuse in N,(E). 
LE~IMA 4.13. C,oc,)(u) = EA. 
Proof. This is an immediate consequence of Lemma 2.1(v) and the fact 
that E = C,(a) u NNGdW). 
We now are in a position to identify No(K)/K. 
THEOREM 4.14. No(K)/K s Mz4. Also, Z(H) g Z, and 1 K / = 211. 
Proof. By Lemma 4.12(iii) and Lemma 4.13, we conclude that No(K)/K 
satisfies the hypothesis of the main theorem of [12]. Consequently, No(K)/K is 
isomorphic to Ma,. Finally, by comparing the orders of Mz4 , L,,(2) and L,,(2) 
we conclude that j K 1 = 211. 
THEOREM 4.15 
(i) iV,(K)/K ’ d zn uces orbits of lengths 1771 and 276 on K. 
(ii) O(C,(j)) = 1 for an involution in the center of a Sylow 2-subgroup of 
iV,(K). 
Proof. (i) is immediate from a knowledge of the 11-dimensional modular 
irreducibles of Ma7,, (see [2]) and the fact that No(E)/K z %Z6 centralizes an 
involution of K. 
Since No(K) is transitive on K#, it suffices to show O(C,(z)) = 1, for (z) = 
O,(H). Since C,(z) has Sylow 2-subgroups of order 221, it follows that O(C,(z)) 
is a (2, 3)’ group. Using the co-prime action of A on O(C,(z)), it follows that 
O(C,(z)) is a 7-group with order at most 73. The action of H on O(C,(z)) 
readily forces O(C,(.z)) = 1. 
Now a theorem of Reifart [8] together with Lemma 4.1(i) implies the main 
theorem. 
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